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The empty number line:
Making children’s thinking visible*

Janette Bobis 
University of Sydney
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This paper explores the use of the empty number line as an aid to recording chil-
dren’s thinking strategies for mental computation. An instructional sequence will be
proposed for introducing and developing a more sophisticated use of the empty
number line with two-digit addition and subtraction. The learners’ perspective will
be considered by nine year-old Emily, as she reflects on the benefits of using the
empty number line and recalls some instructional experiences that were detrimen-
tal to her understanding of mental computation. 

The implementation of a reshaped Mathematics K–6 Syllabus (Board of Studies, New South
Wales, 2002) formalised the introduction of not only new mathematical content into
primary mathematics, but also some new instructional ‘tools’. One such tool is the empty
number line (or blank number line). In so doing, NSW, along with an increasing number
of other states and countries (e.g., England and New Zealand) has followed an interna-
tional trend initiated by the Netherlands (Treffers, 1991). 

While already proven to be a powerful tool for supporting the development of chil-
dren’s mental strategies in addition and subtraction (Beishuizen, 2001), effective use of
the empty number line by teachers is often hampered by a lack of knowledge surround-
ing its strengths and weaknesses. Actual syllabi have limited scope to provide extensive
background knowledge, yet such professional knowledge is essential for instruction util-
ising such tools to be most effective. According to the Standards for Excellence in Teaching
Mathematics in Australian Schools (Australian Association of Teachers of Mathematics
[AAMT], 2002), excellent teachers of mathematics, ‘understand how mathematics is rep-
resented and communicated, and why mathematics is taught’ (Standard 1.2). They have:

…a rich knowledge of how students learn mathematics… of current theories relevant
to mathematics… appropriate representations, models and language. They are aware
of a range of effective strategies and techniques for: teaching and learning mathemat-
ics… (Standard 1.3)

Additionally, the professional practice of excellent teachers is described by the
Standards as being characterised by ‘a variety of appropriate teaching strategies’
(Standard 3.2) and the promotion of ‘mathematical risk-taking in finding and explaining
solutions’ (Standard 3.3). 

* This paper has been accepted by peer review.



MAKING MATHEMATICS VITAL: PROCEEDINGS OF THE TWENTIETH BIENNIAL CONFERENCE OF THE AUSTRALIAN ASSOCIATION OF MATHEMATICS TEACHERS

[ BOBIS & BOBIS ]
67

The main aim of this paper is to develop teachers’ professional knowledge surround-
ing the use of the empty number line through an explanation of its origins, rationale for
its development and adoption into curricula around the world. By itself, such an increase
in knowledge will not necessarily ensure excellence in teaching, but it will allow teachers
to understand why they are teaching it and how to use it more effectively. To assist with
classroom implementation, strategies for introducing and developing more sophisticated
use of the empty number line, will be presented and 9 year old Emily will reflect on some
of the instructional pitfalls she found detrimental to her understanding of the empty
number line. While the mathematical content focus in this paper will be on the develop-
ment of mental computation for addition and subtraction to one hundred, the empty
number line can also be used to assist development of multiplication and division knowl-
edge (see Bobis, Mulligan & Lowrie, 2004). 

What is an empty number line?

The ‘empty number line’ is a visual representation for recording and sharing students’
thinking strategies during mental computation (NSW Department of Education and
Training [DET], 2002). Starting with an empty number line (a number line with no
numbers or markers), students only mark the numbers they need for their calculation. It
has been used most commonly as a tool for recording mental strategies for two-digit addi-
tion and subtraction computations. For example, Figures 1(a), 1(b) and 1(c) show three
ways to record various solution strategies for 48 + 26 on an empty number line.

Figure 1(a). Using two jumps of 10 and six single jumps.

Figure 1(b). Using two jumps of 10, a jump of 2 and 4.

Figure 1(c). Using one jump of 20, a jump of 2 and 4.
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Origins and rationale for the empty number line

The empty number line has its first recorded use in the Netherlands as far back as the
1970s (Gravemeijer, 1994). Early experiments with the empty number line were not suc-
cessful, possibly due to it being introduced via a measurement situation and the analogy
of a rigid ruler made students uncomfortable approximating the position of numbers on
a line with no given calibrations. However, successful experiments were conducted by
Treffers (1991). He found individual students were easily able to learn how to use an
empty number line to record and make sense of a variety of solution strategies for two-
digit addition and subtraction. 

The empty number line was developed out of a need for a ‘new’ tool to help overcome
problems experienced by children with two-digit arithmetic. Such problems included the
common ‘procedure-only’ use of base 10 materials when modelling the computational
procedures and when utilising the standard written algorithms — particularly for subtrac-
tion when regrouping was involved. For example, a common error made when solving
53 – 26 using either base 10 materials or a standard algorithm, is for a child to calculate
6 – 3. Children learn from an early age that they must take the smaller number from the
larger one.

Gravemeijer (1994) presents three benefits of using the empty number line. First, he
argues the need for a linear representation of number. Base 10 materials, such as Dienes
Blocks, clearly reflect situations dealing with quantities, but those dealing with distance or
measurement are better suited to a linear representation such as the empty number line.
Second, he makes the point that the empty number line reflects more closely intuitive
mental strategies used by young children. For instance, children naturally tend to focus
first on counting strategies to solve number problems up to 100 — counting-on or count-
ing down. More proficient mental calculators use a combination of counting strategies
(usually in chunks of 10) with partitioning strategies. Partitioning involves children
‘taking apart’ numbers in flexible ways to make them more convenient to calculate men-
tally. These strategies normally approximate the jumps on a number line. Figure 2
illustrates the jumps involved to solve 53 – 26. Note that a combination of counting-back
in chunks of 10 was made before the ‘6’ was partitioned into two lots of ‘3’ to bridge the
decade more easily.

Figure 2. Recording of jumps to solve 53 – 26.

A third reason for adopting the empty number line, is its potential to ‘foster the devel-
opment of more sophisticated strategies’ (Gravemeijer, 1994, p. 461). Gravemeijer argues
that as children record their thinking strategies, the line functions as a scaffold for learn-
ing because it shows what parts of the calculation have been completed and what parts
remain. In this way, students’ thinking becomes visible to teachers and other students.
Hence, we are able to ‘see’ what mental strategies are being used and where errors might
be occurring. From this information, instructional decisions can be made to assist the
development of more efficient strategies.

Another advantage of utilising the empty number line, not explicitly mentioned by

https://www.researchgate.net/publication/254846140_Educational_Development_and_Developmental_Research_in_Mathematics_Education?el=1_x_8&enrichId=rgreq-974273ab32e90743a232102dedcb647b-XXX&enrichSource=Y292ZXJQYWdlOzI3MTQ0NzIwMDtBUzoxOTA0NTA5NjMwNTg2ODhAMTQyMjQxODQ1NjE4MA==
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Gravemeijer but a natural progression of his thinking, is the way it can provide a stimulus
for classroom discussion and sharing of mental strategies. Students can actually explain
their strategies by showing others. This makes the empty number line a very powerful tool
to enhance communication in the classroom. 

When introduced effectively, the benefits of using the empty number line are obvious
even to students. Emily, currently in Year 4, was introduced to the empty number line
when in Year 3. She considers it to be ‘easier to learn and remember than the pencil and
paper method’ and ‘if you make a mistake, it’s easier to find it’. She also recommends that
teachers ‘get them (students) to use it at an early age so that they can answer harder ques-
tions in higher grades’. From Emily’s perspective, the empty number line is ‘easier’ to use
because she can understand how it works and because it keeps a record of each step in
her thinking, allowing her to track errors and think of what to do next. 

A sequence for instruction

Introducing the empty number line for the first time, assumes that children are already
familiar with a linear representation of number (a number line with numbers). Buys
(2001) recommends that the empty number line be introduced via a string of structured
beads that alternate in colour every 10 beads. Figure 3 illustrates how a string of beads
modelling counting in tens (off the decade) can be used to introduce the same jumps on
an empty number line. 

Figure 3. Modelling counting in tens using a bead string and an empty number line.

Before using the empty number line to record more complex mental strategies
involved in 2-digit addition and subtraction, there are some prerequisite counting skills
and knowledge that should be introduced to children. Two essential strategies that chil-
dren must understand and use effectively before a more sophisticated use of the empty
number line is possible include: 

• counting in tens (on and off the decade); and 
• jumping across tens (or bridging tens).
Within the Mathematics K–6 Syllabus (BOSNSW, 2002), both these counting strategies

are included in the Stage 1 Number strand under outcomes NS1.1 and NS1.2 where the
empty number line is suggested as a possible tool for explaining and recording their use.

Counting in tens on and off the decade (as already modelled in Figure 3) allows a
student to start with any number and count forwards or backwards in multiples of 10.
When first introduced to this skill, children can use manipulatives, such as the bead string
or bundles of ten popsticks, to model the counting process and record their counting on
either a hundreds chart or as jumps on an empty number line. Figure 4 demonstrates how
the hundreds chart can be used to record the jumps involved in 56 + 30. 
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Figure 4. Jumps of tens recorded on a hundreds chart.

Bridging tens requires that children are able to flexibly partition numbers. For
example, to solve 8 + 5, the first number remains as a whole and the 5 is partitioned and
added in parts. It makes it easier, if a part of the 5 is added to the 8 to ‘make 10’ before
the final part is added. Hence, 8 + 2 = 10; 10 + 3 = 13. This same strategy can then be
applied when bridging 10s in higher decades (e.g., 38 + 5 = 43; 38 + 2 = 40; 40 + 3 = 43). 

Based on the strategies for counting in tens and bridging tens, students can be intro-
duced to the jump strategy (or sequential strategy) for two-digit addition and subtraction.
The fundamental characteristic of this strategy is that one number is treated as a whole,
and a second number is added or subtracted in manageable chunks of tens and ones. For
example, Figure 1(a), (b) and (c) demonstrates how 48 + 26 can be solved in increasing-
ly more sophisticated ways. For calculations such as 57 – 29, it is often more efficient to
apply a compensation strategy such as subtracting 30 and adding 1 (see Figure 5). 

Figure 5. Applying a compensation strategy to solve 57 – 29.

Note that for instructional purposes, only the numbers needed are recorded on the
empty number line and that the number of jumps decreases with increased sophistication
of strategy use. Emily recalls some confusing experiences with the empty number line in
Year 3 when a teacher provided pre-drawn number lines starting at zero and with all the
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10s marked (see Figure 6). Confusion resulted, with Emily thinking the teacher wanted
her to start at the first number marked on the line: zero. Once again, in Year 4, a textbook
exercise caused confusion and resulted in the execution of a less sophisticated strategy
(counting in ones) because too many unnecessary numbers were provided (see Figure 7).

Figure 6. Pre-drawn number line containing unnecessary numbers may cause confusion.

Figure 7. Too many numbers may result in the use of a less efficient strategy

Conclusion

While the empty number line is introduced to support the development of mental strate-
gies, it eventually should be replaced by ‘number language’. For example, the various
solutions for 48 + 26 represented in Figure 1(a), (b) and (c), should eventually be
replaced by a numerical-only recording such as: 

48 + 26 
48 + 20 = 68
68 + 2 = 70 
70 + 4 = 74

With each level of use, it is important to emphasise verbalisation of the various strategies
modelled on the empty number line. Such communication will assist the sharing of
abbreviated strategies and nurture the application of mental strategies without the
support of an empty number line. Teachers need to be aware that children will be ready
to abbreviate their strategies at different ages and grades. Generally, the time it would
take for an ‘average’ child to become proficient with the more sophisticated strategies
outlined in this paper, would take about two years with ‘good’ instruction. As adults, who
already understand the mathematics and are merely using the empty number line to
model our thinking, we can not expect children (who may not understand the mathemat-
ics) to see the representation the same way we do. Hence, care must be taken not to
introduce more sophisticated strategies before children have a good understanding of
prerequisite knowledge. At the same time, teachers have to cater for students’ whose
thinking needs to be challenged by gradually introducing higher-order solution strate-
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gies. Finally, children will vary their strategy use according to the numbers involved. The
rigid application of just one tool or one procedure will severely limit children’s ability to
apply mental strategies in flexible and fluent ways. A variety of strategies and representa-
tional tools are needed.
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